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INTRODUCTION AND REVIEW OF LITERATURE

THis paper deals with, the theory of certain probability distributions .
arising from points arranged on a line. The points are of & different
_characters, which for convenience are described as colours and will
consist of m points on a line. There are two situations for consideration
in such investigations. They are, to borrow a term used by Mahalanobis
(1944), free and non-free sampling. In free sampling the colour of
each point is-determined, on the null hypothesis, independently of all
the other points. The probabilities of the points belonging to different
colours, .say black, white, etc., are p;, p,, ...p, respectively such that

|

l Zk'p, = 1_. In non-free sampling the number of points from the different
c:olours is specified in advance, say My Mg, . ..M, subject to the relation
Z,’c n,=m. The arrangements of these fixed number of points are

varled on" the line. The distributions 1nvest1gated are those for
(i) the number of joins between adjacent points of same colour,
(i) the number ‘of joins between adjacent points of two specified
different colours, and (iii) the total number of joins between adjacent
points of different colours which arise when the m points satisfying
the conditions mentioned above are arranged on a line.

Before proceeding further, we shall have a rapid survey of the
literature on this topic. Many people have considered the theory of
. probability distribution of points on a line under different headings,
such as, the theory of runs, the random sequence of numerical
observations, the distribution of the number of black-white joins, the
distribution of groups in a sequence of numerical observations, the
distribution of the number of patches. Mood (1940), after summatizing
the earlier works by Karl Marbe (1899), Bruns (1906), Von Bortkewicz
(1917), Von Mises (1921), Ising (1925), Wishart and Hirschfeld (1936),
Stevens (1939), Wald and Wolfowitz (1940) and others has dealt with

* Part of a thesis approved for the Degree of Doctor of. Philosophy of the
Oxford University.
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many aspects of the theory of runs for a multinomial population of
points on a line. Mahalanobis (1944) obtained the mean and the
variance for the distribution of the number of patches (black, white,
black -and white) when black and white cells with probabilities p and
g = 1 — p were arranged on a line. He has also published the results’
of extensive sampling experiments for the mean and the variance of the
distribution of the number of patches of varying sizes for two
characters. For three characters, he has discussed some results based
on experimental sampling. It may be mentioned here that some of the
results given by Mahalanobis follow from Mood’s (1940) work. Later
on, it will be shown that some of the results published by Mahalanobis
are-not correct, '

The above brief survey shows that considerable advance has already
been made on the distribution theory of runs. But the methods used
in deriving the results are very complicated and no attempt has been
made to obtain cumulants of orders higher.than the second. Some
of the second moments given by Mood, who has done extensive work
on this topic, are incorrect. Further, a thorough discussion of the
limiting forms of the distributions can be better done by the use of
cumulants and the moment generating functions. With these objects
in view, attempts have been made in this paper to obtain some of the
distributions and their cumulants by simpler methods which are new.
It will be seen that these investigations, besides leading to further -
advances, have resulted in throwing more light on the problems dealt
with by other people.

1. DISTRIBUTION OF BLACK-BLACK, JoINS FOR Two COLOURS -

(@) Non-free sampling. Let n, black and n, white points be

arranged on a line. This can be done in ,,C, ways, where m = n,- n,.
Qut of these, ‘ .
: w1Cri  npy1Cr \ _ . 1.D
arrangements will bave (n;— r) black-black joins. This follows from
the fact that (m— r) black-black joins can be obtained by dividing
the n; black points into r groups and arranging them in the (#y,+ 1)
places from n, white points on a line. Now n; black points can be
divided into r'groups in , ,C, , ways and the r groups can be arranged
in the (n,4- 1) places in , ,,C, ways. Therefore the -number of
arfangements giving (n,— r)- black-black joins is the product of
C,,and, ,C,.
The first four moments with respect to the origin and the cumulants
calculated from the distribution given above are

il
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. — ny (m— 1) ny (na+ -1) :
LT mt(m—1)2(m—22(m—3
+ m?® (42n,2— 30m,— 1) — 6m? (10m,3— Tny2—3ny+ 1)
+ 6m (5n84-2n3— 13n,%+ 6my) — 36m? (m— 1%} (1.8)

-The limiting form of the distribution for large values of n, and

) {mP— 6m? Q2n,— 1) '

n, can now be discussed. Defining k = :Lnl dand adopting the notation

| ’ 0 (—1—2) for a power series in — with zero coefficient for -1,
| m - m m

| o k=1t 1 ] '
1 nt =g () 0
- 1 — 12k + 42k® — 60k® - 30k*) 1 1 A
and Ve ( k(1=K + ) + 0( ) (1.10)

When m (= ny,+ ny) tends to infinity, y, and v, tend to zero. Further-
it will be found that y,, 'y4, etc., also tend to zero. Therefore the
dlstrlbutwn of -

_mn (”1“ 1y
) y = e e e, (1.11)
{ \/"1 (m— 1) ny (ne+ 1)
J ‘ =1

‘where x-= the obse;ved numbetr of black-black joins, tends to the
normal form as m. tends.to infinity.  The, distribution takes the

Poisson form when n, is small and n, large. All the cumulants
. . 2
approach thé same limit ;—1
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"(b) Free sampling. In general, the distribution for free sampling
can be obtained from that for non-free sampling by multiplying the
frequencies for the different classes by the probability of obtaining
ny black and #, white points in a specified crder, and adding up the
results so obtained for all values of #, from'0 to m. Thus the prob-
ability for k black-black joins is :

2 rll.._l Cnl_k_l . nz+1cn1—k p qnz " (1 12)
0 .

The sum of the product of Zx"f, about zero for non-free samphng
and the probability, p™ g™, for all values of ny from 0 to m gives the
rth moment about zero for free sampling.- The first four cumulants
for values of m higher than the order of the cumulant so obtained are

kg =(m—1)p?, . . (1.13)

o =(m— 1) p*+2(m—2) p*— (3m — 5) p%, (1.14)

kg = (m—1) p+ 6 (m— 2) p*— 3 (m+1) p*— 12 2m—5) p*
+ 4 (5m—11) pF, , | (1.15)

ks = (m—1) p2+14 (m—2) p*+(15m—713) p*—24 (5m—11) p®
—12 (5m—28) p*+24 (15m—44) p"—2 (105m—279) pe.
(1.16)
When p is finite and m 1arge y, and v, tend to zero, and therefore the 4
distribution tends to the normal form. When p is very small the distri-

bution reduces to the Poisson form because all the cumulants tend to
the limit mp?2.

2. DISTRIBUTION OF BLACK RUNS OR BLACK PATCHES

Stevens (1939), Wald and Wolfowitz (1940), Mood (1940) and
Mahalanobis (1944) have dealt with the distribution theory of runs
or patches. A run or a patch has been defined as a succession of similar
points preceded and succeeded by points of different colours. But they
have not given moments higher than the second. Here we shall
obtain the higher cumulants and discuss the distribution on this basis.

(@) Non-free sampling. The number of arrangements having r
black runs or patches from n; black and n, white points on a line is the
same as that for (m;— r) black-black joins in Section 1(@). This is
obtained by the same arguments described there. Thus this distribution
is the same as that given for black-black joins excepting for the
difference that the class value is r in place of (n,— r) This will make -
a difference in the first moment only which is

n(y+ 1)

m

'(2. 1
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The other. moments and _the. remarks made in- connection w1th the'
distribution of black-black joins are true here also.

(b) Free sampling. The probability for r black runs is - - -

n

. _Z(; n;—lCr._l “ny4l Cr Pﬂlqﬂa- - \ : . ' (2-2)
The first four cumulants are B
iy =(m—1) pg+p, _ 2.3)
kg = mpq — (3m — 5) p*q*— 2p%q, B 24
1y =mpq — 9 (m — 1) p*g*+ 4 (Sm — 11) p°¢* T
+ 2 (6p*¢*— p*g); - , (2.5

ky'=mpq — 3 (Tm + 6) p*q>+ 4 (15w — 51) p%g®
— 2 (105m = 279) p*q*+ p2q (4m +-33) '
+ (120p*g®+ 36p*q — p%9). - ' 2.6)
As in Section 1, when p is fixed and m large, ; and y, tend to zero.
.Similarly when p is small, the cumulants are all equal to mpq. Hence
_the limiting forms of the distributions are the same as in Section 1.

3. DISTRIBUTION OF BLACK RUNS OF LENGTH r FOR TWO COLOURS

This problem has been dealt with by many people and Mood
has discussed it in great detail. But no explicit formula for the
number. of runs of given length r in all the arrangements with .k
black runs has been given. The main object here is to obtain -this
explicit. formula. Incidentally we shall obtam some of Mood’s results
by simpler methods.

(a) Non-free sampling. The number of times that black runs of
length » will occur in the ,,,C,,1 arrangements by arranglng ny black
and n2 white points on a line is

(ny + 1) im—r—1
[m—r |ng— 1

(3.1)
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Other ways of getting a black run of length r are by inserting a block
of r + 2 points consisting -of r black points preceded and succeeded
by a white point in the various arrangements that are possible with
the remaining (m — r — 2) pomts These (m — r — 2) points can be
arranged in '
[m —r—2
In each of the arrangements, ts, the block of (r -+ 2) points can be inserted
<in (m—r — 1) ways. Hence the total number of times that black .

|m

runs of length r occur in the ST arrangements of ny black and ng
L1 it

_ways.

white points is . . . o
2im—r—1 (m—r—1) ]m——r——2_(hz+1)|m—'r——1
|n1—— r|a,—1 In‘—_r Tne— 2 T —r = .

It may appear that the reasoning given above is not valid when
2r < n,. But it can be seen that if £, 3, fs, .. .f5. .. .are the number
of arrangements in which runs of length r. occur - once,. twice, thrice
and so on, then ’

(net+1) m—r—1

’ (3.2) .

_ 2,Gf = [n,— 7 [ng— 1 '
similarly 2 S—(ST*—I) f, = number of times that black runs of length r
occur tw1ce 1n the [ninﬁ arrangements, .
1 2
oy (gt ) m—2r—2° '
= T2 =212 (3-3)
PRl Sl |1; =2 _ jumber of times that black runs of lengh r

occur thrice,
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4. MOMENT' GENERATING FUNCTION AND CUMULANTS FOR THE
DISTRIBUTION OF BLACK-BLACK JOINS FOR FREE SAMPLING

The method described in Section 3 will give, about the origin zero,
the factorial moments u'r,; for the probability distribution of black-

‘black or white-white joins. Taking the case of black-black Joms if -

E (r) is the expectation for r black- black Joms then

EQ) = pus o a

It will be seen that E (r) is the sum of the expectafions of the different
~ ways of obtaining r black black joins by arranging

) (r + 1) black pomts in one block among (m — r — 1) points
' black and white;

(2) (r + 2) black points divided into two groups, a group having
at least two points for a black-black join, among m—r—2)
points black and white;

(r) 2r black points divided into r groups, a group having’at least
two points, among (m — 2r) points black and white.

 The expectation for r black-black joins from (r .+ s) black points is:

v r=1 Cs—-l' tom—r Cs . pr+s
Thus
E(’) = I, l’l’ Ir] — P+ )3 r—1 s—l . m-rCs ps—l. ' ) (42)
Now
, 0 , b ,
Mm:‘l‘f'f"[ﬂj'*‘."‘[z]p'_i'---f"[}]'|‘,.---, 4.3)

, where @ stands for (¢!'— 1), _
is the moment generating function in terms of the factorial moments.
If M,, represents the moment generating function for m points it will
be found that

Mm’ . M("l_l) pe (1 "1—1 em—l)
p 1?9

-+ 2 00 (M, — 1]

E(m_z) (pg)m‘ 2
(n—1) K

where E is defined by E'M,,= M,,,,. Further simplification gives the
difference equation '

M(m+1)_ (1+ Pe) Mn+ Pa (1_ p) M(m*l) mem ! [M2 (1+ pg) Ml]

= (pg)"—l+ pa [M(m_2)+ ng(maa) Ce (pﬂ)""-s) Ml]
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: Since M, = 0 the above ‘equation reduces to
E o — (L pf) My = g6 (M= (L4 p) M1]
: for m = 1. This: wrll be true only if
4 — (1 + p6) M, = 0.
, o Therefore the dIfference equation of the moment generating function is
A My — ()M, +p(L—p) My =0 (4.4)
’i l The.éolution of the difference equation is given by i
= Ca" + Gb", . . T @.5)
where a and b are the roots of the quadratic équation o . .
' 2 — (14 ph) x+p0 (1 —py=0. - - 4.9
and C, and’ C, are so determined that M,=1and M,= 1+ p%q.
“.= U420+ VA= F 0 @D
=41+ p0) — VT =p0F + 0 RECRY
' V(l — PO AT k1 —pf+2p%8 (4.9)
Jg ) S ~ 2a{(a—0b) - . o
| ITaz—ﬁe—lere—zp”ﬁ -
Yy l) ;l;(é’_b) L 4.10)

- The cumulants, «,. for the distribution of black-black j ]OIDS can now
be obtained by evaluatmg

[dt,logM l 0 | | .,(4.11)
log M,,= log C1+ mlog a + log (1—{— C2 m) ' T (4.12)
F - . L
[a’t’ log M, :I I:dt’ log Cl] 0—}— m [dt' log a] .
d’ Cy b - ‘

It can be seen that the above expression is linear in .m, because the
last term will always have b as a factor so long as r<'m, and b =0
when t— 0. Therefore the cumulants are linear functrons in m.

5 DISTRIBUTION OF BLACK-BLACK JOINS AND BLACK RUNS
'FOR k COLOURS

This distribution has a]ready been worked out by Mood (1940) o
and. it reduces to the case of two colours &s the drstrrbutron ‘will not
in any way be affected, whatever -be the number of colours

6. DISTRIBUTION OF BLACK-WHITE Joins FOR TWO COLOURS

For free sampling this distribution has been -dealt with ful]y by
Wishart and Hirschfeld (1936). For non- freegamphng Stevens- (1939)

5
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worked out ‘the distribution; Wald and Wolfowitz (1940) derived
independently the first and second moments. Mahalanobis (1944)
gave the first and second moments for both methods of sampling. His
second moment does not agree with that of Wald and Wolfowitz
(1940). . The moments have been obtained here by a new method which
can be apphed for two and higher dimensional lattices also.

(a) Non-free sampling. The frequency for 2r and 2r 4+ 1 black-
white joins when there are m; black and », white points distributed
at random may be obtained as follows: Divide n, black points into
r and (r 4+ 1) groups. This can be done in , _,C,_, and, _,C, ways
respectively. Now 2r black-white joins can be had by arranging
among n, white points (i) » groups of black points omitting the two
ends and (i) (» + 1) groups of black points with a black group at each
end. Similarly (2r 4+ 1) black-white joins can be obtained by arrang-
ing (r 4+ 1) group of black points between n, white points such that
there is a black patch at one end and a white at the other end. Thus
the number of ways of obtaining 2r and (2r + 1) black-white joins is

,;1_1C_1 . 2_1C +n1_ . 2_1Cr_1 (6 1)

and 2. , ,C, C,,‘ respectively. : 6.2)

From this point onwards moments for free and non-free sampling

are not considered independently. It is shown in the next section
that one can be derived from the other. '

(b) Free sampling. The sum of the product of the probability,
p"q™, and the frequency of black-white joins for a given class value

* g1

. for all values of n, from 0 to m glves the probablhty distribution for

free sampling.

It has already been seen that the moments for free samphng are
obtained by summing the product of the probability, p™g™, and
2x" f, about zero for non-free sampling for all the possible values of
ny. This sum for the r<th moment about zero reduces to the form

A, (p+ 9" pa+Az, (0+9™* PPa*+As, (p+9)"° PP+ - -

+ A, (p+@)™ " P'q =A1,pq+ A2, 0**+ A5, p°¢*+ . .. 4, 77, (6.3)

where 4,,, A,,, A;, ... are given by the following relations:
Sr(l,m_l) = Alr’ 1
Sy(z.m_a) = Azr + 2 Cl-Aln I .
S, amsy = Ag + msCrda, + n2Cadyps ) i . (6.9
|

Sr(4 m—;) = A4r + m—-GCI'A3r + m- 4C2'A2r + m—ZCS'Alr’ )

- In the above equations, S, .., stands for 2x" f; for non-free sampling
with k black and (m — k) white points.
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From the above relations it follows that the four moments about
- zero for free sampling can be determined from the frequency distri-
bution of black-white joins for (I, m — 1), (2, m —2), (3, m — 3),
and (4, m — 4) black and white points. It will be further seen that the
first four moments for non-free sampling for values of »; and n, greater
than four can be obtained by equating the coefficient of p™g" in equa-

tion 6.3 to S, ,,- Hence
Sl(m,n,) = mCm nu’ll (121, nz) = m—2 Cru—l Alls
Somany = mCny M2’ (115 12) = o 2C, - AsztpaCry 2 Az,
Sa(m.m) = ,C,, B3 "y, 1) = s Cn1—1A13+m—4 ny—2 * Ayy v (6.5)
) + m_oc =5 Agas : '
Sipmmy = mCm ' (1) = 4 2Ch s AytmC niezd2a

. 6Cupos - Azt nes Copsdarr |

where @', 4, Stands for the rth moment about zero for the non-free
distribution with n, black and n, white points.

The first four moments for the distribution of black-white joins
for both free and non-free sampling can now be obtained by finding
the frequency distribution of black-white joins for (1, m—1), (2, m—2),
(3, m — 3) and (4, m — 4) black and white points.

Frequencyldistributio.ns of black-white joins for (1, m — 1), (2, m — 2),
(3, m — 3) ard (4, m — 4) black and white points arranged on a line.

. No. of points

No. of black-

white joins black 1 black 2 black 3 black 4
white (n—1) white (m—2) white (72 —38) white (m—4)
1 2 2 2 2
2 (m—2) (m—2) (m—2) (m—2)
3 . 2@ —38) d(n—4) 6(n—>5)
4 (m—3)C2 (mn—4)2 3(n-4)C2
5 2(m-0)Cs 6(m _5)Ca
6 (m—4)Cs (7 —=8)(m - 5)Ce
7 .. 2(m ~5)C3
8_ (n-5)Cs -
Total .. |- ‘m mCa @ Ca mCa

The distributions shown above give
=2(m

A11

—:1),

Ayp =2 2m — 3),
Ay =2 (@4m —=7),
Ay = 2 (8m — 15),
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50 i Ay =4 (m—2)(m=73),.

U Ay = 12@2m — 5) (m — 3),

, . ; “’A§4 =16 (7Tm — 20) (m — 3) _

e ",A33=8(m—3)(m—4)(m—5)

-A34=48<2m—7)(m—4)(m——5), .

o Ay=16m—Ym = m—6) (m—T: -

The first four moments fot free Sampling can now be writtqn with

the help of equations 6.3. .They are _ Co
,,#1’=.2(m+1_)27€1{ e RN (X0}

o =2@m—pg+Am =) (m—3pg, 6D
py' = 2 (4m— T).pq +.12.2m — 5) (m — 3) p*q*.
+8(m—3)<m—4)(m—5)pq C o (6.8)

=2 (8m = 15) pq + 16 (Tm — 20) (m — 3) p*q?
+ 48 2m — T) (m — 4) (m — 5) p°¢® o
+16(m—4) (m—5) (m—6) (m — T) pig*. . (6.9)

The respective cumulants for free sampling reduce to -
ki =2 (m— 1) pg, : L (6.10)
K2—2(2m—3)pq—4(3m—5)pq, T T(6.11)

Ky —2(4m—7)pq—72(m——2)pq +32(5m—— 11) p3¢°, (6. 12)
ey = 2 (8m — 15) pg — 4 (84m — 185) p*q® + 96 (20m —49) psg3
— 32 (105m — 279) piq. L (6.13)
The value of K5 given by Mahalanobis (1944) reduces to
4 (m—1) pq — 4 (3m — 5) p%q?; this is not correct.

L It may be mentioned here that the factor1a1 moments about the
origin zero for the free sampling probability distribution of black-
white. joins can also be. obtained like those for the black-black joins
described in Section 4 by finding the expectation for r black-white joins.
Wlshartland H1rschfeld (1936) have dealt with this question in detail..
The difference equatiori. of the moment generatmg function of th1s
dlstnbutlon is

- ’ Mm+1 - Mm —pq0 (6 + 2) m—1 0 (6 14)
Proceedmg in a manner similar to that indicated in 4 it can be seen
that the cumulants for this distribution are also linear functions in m.

The equations 6.5 give the following values for the first four
moments about zero for non-free samphng The usual notation , P,

has been used to denote the number of. permutatlons ofz things taken
from n; of them. - . IR
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K1 (nyngy = l:l 2’ o : — X ] (6'15)
T 2@m= ey, | A PP T
,.;,'HZ'("n_m)' T Tmm =10 + mm—1) .- Snak ol (616) ‘
| . 2 (4m_ 7)’11’12 12 (2m 5)”11)2 "nQPZ L s “
T R Y m(m— 1) (m — 2) o
8, Py, Py - SR e
o= 1) (m =2y ' 617

’

. Kl("xma) -
Kemyny =

K3 mynpy ="

K4("1'ﬂz)

I K=

m—1.7

T — D o —3)
The corresponding cumulants for non-free sampling-are

2 (8m— 15y | 16 (Tm —20), Pi.s Py

R Y CE=3)) fmw—nm—a

n 48 2m— 1),,Ps.,,P
=) o~ 2 (=)

L6 Pesls o (618)

(93

2n,n,, ' : e
2mn, (2nyny— m ’ : i BTSN
_1};2_((";_i D “)’~ E T N 1(6;20)
61,7 8 (m+3) mng?
m=Dm—2) mm=Dm=2)
- 32mn® o T ' Cn
o m—ym=2. . . ~(2;.2'1)
— 2 (Tm*+ 13m — 6) hyMg

:_m (m—1)(m —.2)‘=_(’?1Af 3) ..._:»

Here also Mahalanobis’s value of -

. m—1
" The - limiting " form of the d1str1but1on for “free. sampling  has
-already been: shown to be ‘asymptotically- normal “by- Wishart and
Hirschfeld (1936) They -hdave also-shown that. when {p-=. - “the
‘moments are the same as., those for a binomial dlStI‘lbLUlOIl of ‘index

4 (4m*+ 45m2— 3Tm— 18) n®m® - -
-m? (m— 1)* (m —.2) (m — 3)
96 (2m23m = 6)m®n® . L o L
Tmm—1F m—=2(m—=3)
96 (5m — 6) mny? o
T = DT — 2~ ) -

4m - et .
L is not correqt R P,

N ooty

©o-FL LT, : Do
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The distribution for non-free sampling also tends to the normal o
form when m is large. This can be seen from the fact that, if é, = 7’%
is finite, the cumulants for non-free sampling involve m in the first and

lower powers only and therefore y; and y, are of the order \/-—lm and .
1 respecti e’l‘
o Tespectively.

7. DISTRIBUTION OF BLACK-WHITE JOINS FOR k& COLOURS

_ (@) Non-free sampling. In the first instance I shall deal with the
distribution for three colours. Let there be n, black, n, white and
ng red points. The distribution for the number of black patches or runs
when there are n; black and n; red points can be obtained by using
the results given in Section 1(4). Let the frequency for r black runs be

. f, for n, black and n, red points.  Black-white joins can be obtained
by introducing a white point or a white run on either side of a black
patch or between black patches. A white patch on either side-of
a black patch gives one black-white join. One between black patches
gives-two joins. If there are r black patches, there are 2r places
giving one black-white join, (n,— r) places giving two joins and
(n;— r+ 1) places between- the red patches will not give any black-
white join. It is possible now to obtain the distribution for black-
white joins as follows: Divide the n, white points into k groups and
arrange them in n;4 ng34-1 places from »; black and n, red points.
The number of ways of dividing n, white points into &k groups is
np-1Cu_- Distribute the k groups such that there are s, ¢ and u white
patches in the 2r, n;— r and ng— r 4--1 places described before. This
can be done in

. 2rCs'n1—rCt'n;.—r+1Cu Ways.
Hence the total number of ways of distributing the & patches is
: n,—_lck'—1 «2,C, 'ﬁl—rCt'na—-r+1Cu' (7.1
The number of black-white joins obtained in such an arrangement is
s 4 2¢. Taking s 4+ 2t = a, the frequency of g black-white Joms from
Je (=2m1Crt '+ 203aC,) black patches is

C Z 2 Hz—le—-l "2rCs

k=1 s=0
Each of the f,’s will give a similar expression for a black-white joins
and r takes values from 1 to n;. Hence the frequency for a black—
white joins when there are threé colours is

L
2 n;-—lCr—-l . n3+1C 2 2 na—1 k—-l . 2r

r=1 kxll =0

,.1_1Cr_1 ¢ nafl . ""’Ca;; . ng—r+1Ck—“_+2—“’

Ca

* ng—r+l

¢ ny—r Ck—%"i‘
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The first moment = 2—’1’%’, is obtained by finding the sum of

(S + 2t) ZrCs 'm—-rct 'm—r+1Cu 'nz—le+t-{-u— 1 '1»3‘-—1Cr—1 'na+1Cr :
for all possible values"of s, t, uw and r and dividing it by
|(ry+ nt 15 o
]n1 |1 (Mg ’ e
Similarly the second moment works out to be
dning (m — ny) (m —ng)  2mng (m — ny— ny+ 1) (1.2)
.m? (m — 1) - .m(m—1) y

where m = ny;+ s+ Hg.

The formule for the first and the second moments show that the
moments for the distribution of black-white joins depend only on the
total number of points (m) and the number of black () and white
- (ny points. Hence these formule hold good for any number . of
colours also.

(b) Free sampling. As in the case of two colours, the dlstrlbutlon
can be obtained by multiplying the frequency for a given class value
for n, white, n, black and ng red points by p,"ps™p "3 and adding them
up for all values of ny, 1, and ny, where py, p, and pg are the probabilities
for the different colours. The moments can be got by multiplying the
values for Zx" f, for non-free sampling by p,"p;"*ps’* and adding them .
up for all possible values of ny, n, and ns. -The ﬁrst two moments so
calculated are o

‘ 2(n — 1) pipw R (1.3)
and . .
2 (m - 1) PJ_P2+ 2 (m — 2) p1D» (P1+ Do) —4(3m — 5) pipat (1.4)

It will be seen that these two moments involve only m, p, and p,. Hence
they are true for k colours also.

As in the previous investigations in Sectlon 6, it can be shown that
the power.of m in the third and fourth cumulants is unity and therefore
the value of y, and y, tend to the limit zero when m is large. ~ Thus the
limiting form of the distribution is normal for large values of m. When p;
and p, are very small and m is large, all the cumulants reduce to 2mp;p,.
It follows, therefore, that the distribution tends to Poisson’s form

-8. DISTRIBUTION OF THE TOTAL NUMBER OF JOINS BETWEEN POINTS
OF DIFFERENT COLOURS FOR . THREE COLOURS

‘(@) Non-free sampling. Let thcre be n, black, n, white and ng4
red points. Let f,* be the frequency of r patches for »,-black and

* This distribution is the same as that for black-whlte Joms with the classes
increased by unity. L
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n, white points. One red patch introduced between a black and
a white patch increases the total number of patches by unity. 'If on the
other hand, a red _patch is introduced between two black or white
points, i.e., inside any of the black or white patches it results in
producing two extra patches. There are (r + 1) places giving one
extra.patch and (n,+ n,— r) places giving two extra patches for each
red patch introduced in the arrangement of n; black and n, white
points with r patches. . Divide the ny colours into k patches and
introduce them between the (r 4~ 1) and (m+ ny— r) places described
above. The number of ways of arranging k red patches such that
s of them are in the (r + 1) places and (k — s) in the (ny+ ny— 7)
-places is ' , ,

.fr *ng—1 Ck—l 'r+1Cs 'ﬂ1-ﬁﬂ2—fcl’—,3 . ' - (8 . 1)
The number of patches for each of the above arrangements is
r+ s+ 2(k —s). Taking r + s 4+ 2 (k — s5) = a, the frequency "for
a patches in the whole distribution can be obtained by summmg
8 1 over all values of r, s and k subject to the conditions

r+s+2(k——s)—a, L m+ ny and k
- The first and the second moments can be determined by summing
[r+s+2(k-=-9]x@®.1) and [r+ 54 2 (k — $]* X (8.1)
for all possible values of r, s and k. This gives o

H’ll “m T(anns) + 1L » (82)
_ Znn, o 2mmyds Zn,2n 2 "
Ha = — 2m (m—1)y T im (m—1) +_4 m? (m — 1)'(8_'3)

 The average for the total number of joins between points ‘of
different colours 1is )

’—1=2_'(2nns)',‘ . " (8.4)

The second moment is the same whether the dlstrlbutlons con51dered -
are for patches or for joins. . ~

®) Free sampling. The distribution and the moments for free
sampling can- be obtained by following "the same procedure as in
Section 7(b). The first and the second moments in this case are -

p' =2 (m—1)2p,p, : (8.5)
pe =2 (2m—3) 2p, p, —2 Om— 14) pipops— 4 (3m— 5) 2p,%p,2.
‘ : (8.6)

'T Throughoht this paper the summations for the u’s have been taken for all
values of r, s, ¢ and « from 1 to & (k being the number of colours) subject to the
condmon r<s<t<u
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‘I shall ‘now indicate- how the second moment can- be obtalned
by using an extension of-the method described in Section 6(b) For two
colours it was shown that the second moment can be calculated by
finding the frequency distributions of black-white. joins for (1, m — 1)
"and (2, m — 2) black and white points. . “When there are three colours .
the second momént can be worked out from the frequency distributions -
of joins between points of. d1ﬁ’erent .colours for the followmg combi-
nation of points: 1 black, m.— 1 -white; 2 black, m —2 white;
and 1 black, 1 red, m — 2 white. It can be seen that the second

-~ moment about zero will reduce to -
’ Ao (P1+ pat P Z"Pr Po +-Arpe (1 P2+ Pa)m DiPa2Ps
' R 1+ Dot 2" 2,02 = A 2P, Py

+ An P1P2Ps +'»Az'2 Zprzpszs“ o
in which :
Ass —2x2f aboiit zero for the d1str1but10n w1th 1 black and

(m — 1) white points;

A112 — XYx?f, for the distribution with 1 black 1 red and (m—2)
white’ pomts — Az X coefficient of terms like p,"* p,ps
in the expansmn of (p;~+ pe+ p)" 2Z'p, p, ; and

Aqp = 2x¥, for the d1str1but10n with 2 black and (m — 2) white
points — A4, X coefficient  of terms like - p,"~%p,* in
(Pr+ Pt p)™? 2, Py ‘

The values of 4y, and* 4, are respectively the same as the coefﬁc1ents_
‘of Z'p,ps and Zp,2p,2 for two colours. To find 4,,5, form the frequency
distribution for .one black, one red and (m — 2) white’ points e
) Frequency distribution of Jjoins between points of. different colours for o
: 1 black, 1 red and (m — 2) white points - »
: o ) No. of joins .~ -Frequency ' .
P ) 3 6(m—3) ..
e o 4 (m=3)m—4
' o Z’xzf 16m®—.58m + 54 - .
Am— 16m2— 58m+54—2(2m—3)2—2(4m—9)(m—2) o
Therefore, the second moment for the probability- dlstrxbutxon of the
total number of joins for three colours is . :

>y :2(2m“3)2PrPs+2(4m““9) (m“‘Z)Pll’zPs o

4 4m=Dm=Ips L @D

M —2(2m—3)2p,p872(9m— 14)121112173 - 3

L —4Gm=5ZppY - il (8.8)
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.-9. FIRST AND SECOND MOMENTS FOR, Four AND MORE COLOURS
FOR THE TOTAL NUMBER OF JOINS' BETWEEN- POINTS
OF DIFFERENT COLOURS

Tt can be seen that the expectatlons of the total number of joins
for.free and non-free sampling are

2 (m— 1) Zp, p,, ' ©.1)
and .

2— Zn.n, reépectively. _ 9.2)
The second moment about zero w111 be of the form .

A122prps + A1122Prps pt+ A222pr P + A1112 Zprps D Pas
in which 4;,, 4;1, and A;, are the same- as those for three colours.

" Ajs can be obtained by getting the distribution for the total number

of joins for 1 black, 1 white, 1 red and (m — 3) green points.

Frequency distribution Jor total number of joins for 1, 1, 1, (m )
black, whzte red and green points- ’

No. of j Jo_ms ' ‘ Frequency
3 24
4 36 (m — 4)
50 12 n — 4) (m — 5)
6 : m—4Ym—35(m—>6)

Zx*, about zero = 36m3— 240m2+ 450m - 408.
Age= 2x*,— A X coefficient of p"® pepspy in (p1+ pot ps+ p)™ 2
" Zp, p,— Ans X coefficient of p," PaP3pain (P pot pst p)™ 3
2p, P, Py,
ie, Ape = (36m3— 240m>+- 540m — 408) — 6 (2m — 3) (m— 2)*
- — 2 (4m*~ 17Tm + 18) 3m — 8)
= —8(m—2) (n—23)

Iy =202m—3)2p,p,+2(4m —9) (m — 2)Zp, p, p,
+4(m—2)(m—3)2p,ps 8(m—2)(m—3)
2P D P Pur T 9.3)
B =2(@2m — 3)2p, p, — 2 (9m — 14) Zp; p, p,

—4 (3m - 5) Zprzpsz_’_'s (3m - S)Zpr Dy Py Dy (9'4)
, _2(2m — 3)2nn, i 42n, (n,— 1) () (n,— 1)
Famm ™= T (= 1) “m(n—1)
2 (4m = 9) Znnn, 8 nnnn, © 5)'
mm—1) m@m—1)" E

+




THEORY OF PROBABILITY DISTRIBUTION OF POINTS ON A LINE 191

2 -2

. 4 o 2 8

* m? (m — I)Zn’ e m2 m—1

It can be shown that the power of mi in all the cumulants for free
sampling is unity and therefore the values of y; and vy, will tend to
zero when m is large, i.e., the distribution for the total number of
joins tends to the normal form as m increases. This will be true for

non-free sampling also, for the reasons mentioned in Section 1 (a).

Znnn,

ooy = — ’m—(,h—‘)

Znnnn,  (9.6)

10. FIRST AND SECOND MOMENTS OF A SPECIAL DISTRIBUTION USEFUL
IN EXAMINING THE DEPARTURE FROM RANDOMNESS OF THE SPREAD
OF DISEASE IN A GIVEN INTERVAL IN PLANTS ON A LINE

Suppose there are m plants on a line, #, of which are diseased at
‘a particular time. Let n, new plants get affected by the disease a month
later. Tt is required to test whether the spread of the disease between
the first and the second observation can be considered to be random
.Or not.

This can be done by finding the standardized deviate for the
difference between the expected and . the observed -values for the
number of times that (i) two newly diseased plants and (ii) a newly
diseased and a healthy plant occur together in the observed configu-
ration of plants, provided the first and the second moments for these
distributions are known.

It can be shown by the methods developed in this paper tha.t
the expected values, E (P) and E (Q), and the corresponding variances,
V (P) and V (Q), for these distributions are as given below:—

(i) Number of times that two newly diseased plants occur together.

P) = Tymp (n, — 1) |
£ = (m—m) (@m—n —1y < (10.1)

Tny (1, — 1) ot 2T,n, (h2 D (n, —2)
(m— n) (m—m—1)° (m— n) (m— n— 1) (n—n— 2)
+ {T} (T,—1) — 2T2} ny (n,— 1) (n,— 2) (n,— 3)

(m— n,) (m—n,— 1) (m— m— 2) (m—n,— 3) -
— [E(P)E o C (10.2) -
(i) Number of times that a newly diseased and a healthy plants occul
together.

E(Q) =

V(P) =

211, (Mm— my— nz)
(m— ny) (m— n;— 1y

(10.3)
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2(T,+Ty) n, (m——nl—n2)
“(m—ny) (m—ny,—1) " o -
4 [T, (T,—1)—2T,] ny (n,—1) (m—n,—n,) (m—nl—n2 2)
(m—ny) (m—n;—1) (m ny—2) (m—n;—3)
— [EQPF | (10.4)
‘where Ty, =m —n, — k and T, = m—n— 2k; k being the number
of runs of healthy plants at the t1me of the ﬁrst obqervatlon

v =

B

11. APPLICATIONS

The following are some of the sxtuatlons in which thé results given
in this paper can be used for testing the departure from randomness
of an observed distribution :—

. (@) distribution of diseased plants observed in plants on a line;
(b) spread of disease-in a given interval ;
(c) a giveﬁ sequence of observations.

The method will be clear from the examples that follow. .

(a) Distribution of diseased plants on a line. Suppose thdt there
are forty plants on a line, of which eleven diseased are dlstrlbuted
in the manner shown in Fig. 1. '

00000—X X—OOOOOO—XXX—OO—X—OOO—X—OOOO—XX—OOOO—-XX—OOOOO

‘O’ denotes a healthy plant
‘X’ denotes a diseased plant
‘Fig. 1.

The number of joins between healthy and diseased plants_i_n the above
distribution is twelve. The expected number - .

g . (R _2mny 2 X 11 X29 15‘.95’
. . m m -
‘The variance I .
: lV (R)— 2mny 2y, —m) 2 X11X29 (2X11X29—40) a
m m2(m—1) 40 x 40 X 39
= 6114,

and therefores RN L

_R—E, (R) 12 —15- 95:—1-60 -
'V V,u (R) 4/6:114 ) ' ,

Since x does not exceed 1- 96 the 5 % s1gmﬁcance level for a norma]

deviate, there is no serious reason to doubt the null hypothes1s that the

diseased plants are distributed at random ThlS method has also been

used by.Vander Plank (1946). ' :
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()] Spread of disease i a given interval. Suppose that a later
count on the plants of Fig. 1 shows ten more plants to .have con-.
tracted the disease, and that_ these are. dist-ributed :as shown in Fig. 2.

OOOOOXX+ ++ +O +XXXOOXOOOXO +OOXXO + + OXXOO ++0
’ ‘O’ denotes a healthy plant

L X . diseased plant at the tlrne of first counting
‘7 . a newly dlseasecl plant
| Fo. 2. .
In the above- distribution T} —22 and T2 15 From (10.1) and
© (10.2) ) _ i o
- ' 22 x 10 X9 :
ER) =995 —2%% |
' 2%x15%10 X9 X 8 -

V(P) = 2438 +

29 X 28 X 27 -

(22><21—2><15)10><9><8><7
- 29 X 28 X 27 X-26
= 1-30. - ‘

The number of _]OlIlS between two newly drseased plants adjacent to

—(2-438)

each other is 5. Hence

5—2 438

Vi 2

"Which, at least by- the' normal approximation, is a highly 'significant
deviation. The distribution - of the newly d1seased plants therefore :

cannot be consrdered random.

(0) 4 given sequence of obsérvations. - Suppose the order of occur-

rence of nine types of events A, B, C, D, E, F, G H and J is as

given below:—

DHFDDHAAGHCGDDFDFDEJJGDJAJA.
HHAHJHDAGCDDCDDFFEAEGFBHB
;CGBAEEEDEBDAGCBDCBCHG y

;The randomness. of the above. sequence can be tested.by comparing -

the observed number of times that two unlike events occur together

" with its expected value.. Now two unlike events occur together 62 times

in the-given sequence. The expected value. and the variance ‘of this _
number are given in (9.2) and (9.6) in ‘which n, n,, ---n, are the

number of -tirhes that the-events A, B, C, D,” E, F, G, H, ‘and J

‘occuir in ‘the- sequénce. For the above sequence ny; ny; *+ny, are 9, 6,
7, 16,17, 6,8, 9, and 5 respectlvely and wi-is 73 The. expected: value
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and the variance are 63-73 and 6- 93. They have been calculated by
using the relations . ' .

2 Zn,n, =‘(Zn,)2—'2n,2 _
31 Znnp, = (Xn) — 3 (Zn?%) (Zn) + 2212,
4! Znnnn, = (En*) + 8 (Zn,) (Z‘n,"‘)
| + 3 (Zn2) — 65nt
— 6 (2n,)* (Zn?) ] :
221 n? = (Zn2)P>— Znt. ' S o
The standarized deviate ) ‘ .
_62—63-73
T 4/6:93

.is clearly not significant and gives little cause to doubt the randomness
of the sequence.

— 0-67

12. SUMMARY
The paper discusses certain probability distributions that arise
from m points arranged ‘on a line such that each of the points may
possess any one of k characters or colours subject to the following
eonditions :— _ ,
(i) the chance of a point taking the rth colour is p, such that
Zp, =1; .
1 . ) . : .
2) a ﬁxed number of points, say m, n,, ...m,, such that
.Z'n = the total number of points on the hne, are respec-
\ t1vely black, white, red, etc.

The first of these is termed ° free sampling ’ and the second ° non-free
sampling ’.

The distributions considered are mainly the following :—

(1) the number of joins between adjacent points of the same
color; :

(2) the number of jeins between adjacent points of two specified
) colours; and

(3) the total number of joins between adjacent points belonging
_to different colours.

All these distributions tend to the normal form when p, and n,
are fixed, and-m tends to infinity. The distributions for (1) and (2)
tend to the Poisson form when some of the p,’s and n,’s are small.

\
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E : : The results obtajned in this paper have been used for testmg the
| departure from randomness in the following cases:—

; - (a) distribution of diseased plants observed on a hne
- () spread of disease in a given interval; and
| (¢) a given sequence of observations.

My thanks are due to Dr. D. J. aney for guidance and for
facilities in carrying out the investigations described in this paper.
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